Abstract The two-body orbital transfer problem from an elliptic parking orbit to an excess velocity vector with the tangent impulse is studied. The direction of the impulse is constrained to be aligned with the velocity vector, then speed changes are enough to nullify the relative velocity. First, if one tangent impulse is used, the transfer orbit is obtained by solving a single-variable function about the true anomaly of the initial orbit. For the initial circular orbit, the closed-form solution is derived. For the initial elliptic orbit, the discontinuous point is solved, then the initial true anomaly is obtained by a numerical iterative approach; moreover, an alternative method is proposed to avoid the singularity. There is only one solution for one-tangent-impulse escape trajectory. Then, based on the one-tangent-impulse solution, the minimum-energy multitangent-impulse escape trajectory is obtained by a numerical optimization algorithm, e.g., the genetic method. Finally, several examples are provided to validate the proposed method. The numerical results show that the minimum-energy multi-tangent-impulse escape trajectory is the same as the one-tangent-impulse trajectory.
Introduction
The two-body orbital transfer problem from a parking orbit to a given excess velocity vector is a fundamental one in space exploration. The minimum-energy trajectory optimization for this problem has been studied for many years. For the initial circular orbit, an approximate analytical solution was obtained for the minimum-energy three-and four-impulse transfers between a given circular orbit and a given hyperbolic velocity vector at infinity. 1 For the transfer from the initial circular orbit to an excess velocity vector, the two-impulse escape is never simultaneously of lower cost than either the one-or three-impulse. 2 Recently, Ocampo et al. 3, 4 studied the oneand three-impulse escape trajectories, which can be constructed to serve as initial guesses for determining constrained optimal multi-impulsive escape trajectories. For the initial elliptic orbit, the optimal three-impulse transfer between an elliptic orbit and an escape asymptote was solved. 5 Moreover, a simple numerical technique was proposed to minimize the time-of-flight for the multi-impulse transfer from an arbitrary elliptic orbit to a hyperbolic escape asymptote. 6 The existing methods for the impulse escape trajectory optimization problem do not include any constraint on the impulse direction. 7, 8 If the impulse direction is aligned with the velocity vector, the impulse is called ''tangent impulse'' and a speed change will finish the impulse maneuver to nullify the relative velocity. The tangent orbit problem has also existed for many years. The classical Hohmann transfer is a cotangent transfer and is the minimum-energy one among all the two-impulse transfers between coplanar circular orbits and between coplanar coaxial elliptic orbits. 9 The cotangent transfer problem between coplanar noncoaxial elliptic orbits has aroused considerable interest in recent years. The numerical solution was obtained based on the orbital hodograph theory. 10 Moreover, the closed-form solution was obtained by using the geometric characteristics 11 and by the flight-direction angle, 12 respectively. The latter reference also gave the closed-form solution for the solution-existence condition. In addition, Zhang and Zhou 13 studied the tangent orbit technique in 3D based on a new definition of orbit ''tangency'' condition for noncoplanar orbits. Different from the orbital transfer problem, the orbital rendezvous problem requires the same time-of-flight for both the chaser and the target. Zhang et al. solved the two-impulse rendezvous problem between two coplanar elliptic orbits with only the second impulse 14 and both impulses being tangent, 15 respectively. Furthermore, Zhang et al. 16 solved the twoimpulse rendezvous problem between coplanar elliptic and hyperbolic orbits. This paper studies the coplanar orbit escape problem from an elliptic orbit to an excess velocity vector only with the tangent impulse. For a given initial orbit and a given excess velocity vector, the one-tangent-impulse transfer trajectory is obtained by solving a single-variable piecewise function. Then the optimal multi-tangent-impulse escape trajectory is obtained by the genetic method.
Orbital elements of transfer orbit
Assume that the spacecraft moves in a given initial orbit, a tangent impulse Dv with magnitude k is imposed at P 1 (see Fig. 1 ), where the position vector relative to the Earth's center F 1 is r 0 and the velocity vector is v 0 , then the velocity vector of the transfer orbit (or the final hyperbolic orbit) at P 1 is
where r j = kr j k, v j = kv j k, j = 0, f, and 0 and f denote the initial and final orbits, respectively. A relationship between the magnitudes of velocity and position vectors is
where l is the standard gravitational parameter, and a the semimajor axis. Then, the magnitude of the velocity can be written as a function of the initial true anomaly,
where u is the true anomaly, u þ 1 the true anomaly at infinity of the excess hyperbolic orbit, e the eccentricity, and p the semilatus rectum.
From the energy equation, the semimajor axis of the final hyperbolic orbit is
where v þ 1 is the excess velocity vector. Substituting Eq. (4) into Eq. (2) gives
Thus, for a given initial true anomaly u 0 of the impulse point, the magnitude of the tangent impulse is
The eccentricity vector of the final orbit is
By using the following expression
the eccentricity vector in Eq. (7) can be written as
whose magnitude is the eccentricity e f of the final orbit. The normalized eccentricity vector iŝ where I denotes the orbit inclination, x the argument of perigee, and X the right ascension of ascending node. With a coplanar tangent impulse, the orbit plane will not change, which indicates that I f = I 0 , and X f = X 0 . In addition, the argument of perigee can be obtained as
whereê fk 1 ;ê fk 2 ; andê fk 3 are three components ofê f in the Earth centered inertial (ECI) frame, where the origin is the center of the Earth, the k 1 axis is in the vernal equinox direction, the k 3 axis is the Earth's rotation axis and perpendicular to equatorial plane, and the k 2 axis is in the equatorial plane and completes the right-hand system. The four-quadrant inverse tangent function a = atan2(c 1 , c 2 ) is defined as the angle satisfying both sin a = c 1 and cos a = c 2 . The value range of a is (Àp, p].
The angular momentum of the initial/final orbit is
and h j = kh j k, then the true anomaly of P 1 on the final orbit can be obtained from
With the above expressions, all six classical orbital elements of the final orbit are obtained.
Analysis of the problem
The eccentricity e f of the transfer orbit is obtained by Eq. (9). However, a simple explicit expression for e f only about the initial true anomaly will be derived in the following paragraphs. Note that the flight-direction angles at the impulse point P 1 for initial and final orbits are the same. From Eq. (12) it is known
Since the flight-direction angle is
we have
Substituting Eq. (16) into Eq. (14) yields
By using Eq. (4) the eccentricity can be obtained as
which is a function only of the initial true anomaly u 0 .
Define an XYZ frame, which is obtained by rotating the ECI frame with 3-1 sequence for angles X and i, respectively. The origin of the XYZ frame is also the center of the Earth. Then the X and Y axes are in the orbit plane, and Z axis is aligned with the angular momentum vector of the initial (or final) orbit.
The eccentricity vector Eq. (9) in the ECI frame can be transformed into that in the XYZ frame. Note that the flight-direction angle c 0 is the angle from the position vector r 0 to the velocity vector v 0 , then from Eq. (9) the component of the eccentricity vector in the Y axis is
which includes two variables, u 0 and c 0 . Since the flight-direction angle is a function only of the initial true anomaly
it is known that
Then, Eq. (19) can be rewritten as a function only of u 0 ,
Similarly, the component in the X axis is
For the eccentricity vector, there is no component in the Z axis, thus the eccentricity can also be obtained as
, which is the same as that via Eq. (9). Moreover, the normalized excess velocity vectorv 
where atan2(e fy , e fx ) denotes the argument of perigee for the final orbit, u þ 1 the true anomaly associated withv þ 1 in the final orbit, and atan2ðv þ 1y ;v þ 1x Þ the angle determined by the excess velocity components in the X and Y axes (see Fig. 1 ). Note that F is a function only of the initial true anomaly u 0 . In Section 4, Eq. (26) will be solved.
Solution of the problem
Simplifying it yields
The derivative of g(u 0 ) with respect to u 0 is
Then, there are two extreme points for g(u 0 ) in the range [0, 2p):
(1) If g 0 (0) > 0 , the maximum point u max and the minimum point u min satisfy u max < u min , then u s e (u max , u min ), thus u s can be obtained by the golden search with the initial guesses u max and u min . (2) If g 0 (0) < 0, the maximum point u max and the minimum point u min satisfy u max > u min . It is known that u s e (0, u min ) if g(0) > 0 and u s e (u min , 2p) if g(0) < 0. Note that gð0Þ ¼ ð1 þ e 0 Þ 2 ½p 0 ðv þ 1 Þ 2 þ lð1 þ e 0 Þ sin x 0 , then g(0) > 0 when x 0 e [0, p) and g(0) < 0 when x 0 e (p, 2p). Finally, the numerical value of u s can be obtained by the golden search with the boundary values as the initial guesses.
Solution for initial circular orbit
For the initial circular orbit, e 0 = 0 is satisfied. From Eq. (9) it is known that the eccentricity vector of the final orbit is
whose magnitude is
For the initial circular orbit with a tangent impulse, the eccentricity vector of the final orbit is aligned with the radius vector of the impulse point. Then the argument of the impulse point is
which is a closed-form solution.
Solution for initial elliptic orbit
Once the discontinuous point of F is obtained, the equation T km/ s. For different eccentricities e 0 with 0.1, 0.3, 0.5, 0.7, 0.9, the plots of F are given in Fig. 2 , which shows that F monotonously increases in both piecewise ranges, and the curve of F is more linear for a smaller eccentricity.
In addition, for the eccentricity e 0 = 0.5 and different parameters k v , the final excess velocity vector is T =3 km/s in the ECI frame. The plots of F are given in Fig. 3 , which shows that F monotonously increases in both piecewise ranges. Therefore, for different eccentricities and excess velocity vectors, F always changes monotonously in both piecewise ranges.
Alterative method for avoiding the singularity
Although Section 4.3 gives a method to solve the one-tangentimpulse transfer problem from an elliptic parking orbit to a given excess velocity vector, there is a discontinuous point when solving the equation F = 0. This subsection provides an alternative method to avoid the singularity.
Eq. (26) can be rewritten as
Then solving Eq. (26) can be transformed into solving Eqs. (35) is not much simpler than the proposed method with a discontinuous point.
The minimum-fuel multi-tangent-impulse transfer
The previous section solves the one-tangent-impulse transfer problem from a coplanar elliptic orbit to an excess velocity vector. However, if multiple tangent impulses are used to fulfill the mission, there are infinite solutions, and the minimum-fuel solution is the most interesting one. Assume that N tangent impulses are adopted, the orbital elements for each orbit arc are E i = [a i , e i , I i , x i , X i , u i ], then the initial orbital elements are E 0 , the final orbital elements are E N = E f . The position vector r i and the velocity vector v i for the orbital elements E i are obtained by the transformation from orbital elements to position and velocity vectors in the ECI frame. For the (i + 1)th tangent impulse, the impulse position is u i and the impulse magnitude is k i , then the velocity vector at u i reaches
With r i and v i+1 , the orbital element E i+1 is obtained by the transformation from position and velocity vectors in the ECI frame to orbital elements, or directly by the proposed method in Section 2. Then, our purpose is to solve the true anomaly u i of the impulse position and the corresponding impulse magnitude k i (i = 1,2,. . .,N) such that the total cost
is minimized. When u i and k i of the tangent impulse for i = 1,2,. . .,NÀ1 are fixed, the values of u N and k N for the final impulse can be obtained by using the proposed numerical method in Section 4. Thus, for the N tangent-impulse case, only 2(NÀ1) variables are needed in the numerical optimization approach. This paper will use the genetic method to obtain a numerical solution to the minimum-fuel multi-tangent-impulse transfer problem.
Numerical simulations
Assume that a spacecraft moves in an initial elliptic orbit, where the perigee height is h p = 1000 km, the semimajor axis is a 0 = (R E + h p )/(1 À e 0 ), where R E = 6378.13 km is the Earth radius, the orbit inclination is I 0 = 40°, the argument of perigee is x 0 = 30°, and the right ascension of ascending node is X 0 = 50°.
One tangent impulse
If the excess velocity vector is reached by a single tangent impulse, the solution is obtained by the secant method in Section 4. If the excess velocity vector is v Table 1 .
If the eccentricity e 0 = 0.5, for different k v , the final excess velocity vector is v þ 1 ¼ k v ½À2:4888; 0:1302; 1:6700 T =3 km/s in the ECI frame, the plots of F are given in Fig. 3 , and the solutions are listed in Table 2 , which shows that more energy cost is required for a larger final excess velocity.
When e 0 = 0.5 and v and four tangent impulses are used, respectively. The solutions are obtained as listed in Table 3 , which shows that the costs of optimal one-, two-, three-and four-impulse transfer are almost the same. For the one-tangent-impulse case, the solution is obtained directly by the method in Section 4, thus this optimization method is not needed. It should be notified that the orbital elements E i will not change when k = 0 even though the true anomalies are different. As a result, the optimal multi-tangent-impulse transfer from coplanar elliptic orbit to an excess velocity vector is the same as that with one tangent impulse. Because this result is only obtained by numerical methods, it is not easy to give a stick explanation. However, for different eccentricities and different final excess velocity vectors, the result still holds by using numerical optimization algorithms.
Conclusions
In this paper the coplanar orbit escape problem from an elliptic orbit to an excess velocity vector is studied with the condition that only tangent impulses are used. Since the impulse direction is aligned with the velocity vector, the magnitude and the true anomaly of the position point of the tangent impulse are solved. For initial circular orbit, the solution can be obtained in closed-form, whereas for initial elliptic orbit, the solution is only obtained by a numerical iterative algorithm. The one-tangent-impulse solution is the optimal one even though the multi-tangent-impulse can be used. The proposed method for the coplanar tangent-orbit design of escape trajectories can be used in space exploration, such as human Lunar and Mars exploration missions. The tangent escape trajectories provide a new approach for orbit escape transfer with only speed changes. 
